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Energy correlations in transitions from the bound state to the three-body con-
tinuum of Borromean halo nuclei are considered. A core+n+n three-body cluster
model which reproduces experimentally known properties of 6He and 11Li has been
used to study low-lying resonances and soft modes. The analysis of the correlated
responses in 6He shows that in the case of the narrow three-body 2+1 resonance the
transition energy correlations are the same as in the intrinsic correlated structure
in 3 → 3 scattering. They differ significantly for wide 2+2 , 1+1 resonances, and also
for the soft dipole and monopole modes, where, due to the transition operators, the
intertwining of the ground state and the three-body continuum plays a significant
role.
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I. INTRODUCTION
This article continues a series of papers which investigates the three-body continuum
and transition properties of Borromean halo nuclei, with particular reference to 6He as a
case study. The earliest articles [1] examined simple transition responses, summed over all
final states. More recently we have studied general features of the spatial two-dimensional
densities [2] and intrinsic energy correlations in 3→ 3 scattering [3], again exemplified by
the continuum of 6He. Three-body core+n+n dynamics and the Schro¨dinger three-body
equation, solved within the method of hyperspherical harmonics (HH) (see Refs. [1–5]),
were used consistently for both bound and continuum states. For 6He a ‘realistic’ αn
interaction [1, 4] with purely repulsive s-wave component and the GPT nn interaction [6]
were used.
The three-body model has been successfully tested in calculations of bound and lowest
excited states of the A=6 nuclei [1, 4], for calculation of inelastic 6He(n,n′) and charge-
exchange 6Li(n,p) reactions to the 6He continuum [7, 8], and for the inelastic 11Li(p,p′)
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2reaction [9]. The continuum and ground state (GS) wave functions were more recently also
used for studying elastic and inelastic break-up of 6He on 12C and Pb targets [10] under
the kinematically complete conditions of GSI experiments [11]. Very recently [12], angular
and energy correlations for 6He have been measured and compared with predictions of
our model.
With one-step break-up reaction theories such as DWBA, applicable in the high energy
regime, or the semiclassical EMD method, involving transitions from the GS to the three-
body continuum , we have found the transition densities to be the decisive ingredient
for the energy dependence of break-up cross-section. The particular reaction mechanism
scales the transition amplitudes and slightly distorts the shape of the cross-section. The
transition densities are also influenced by intertwined correlations where both the GS and
the three-body continuum contribute .
For three-body nuclear Borromean systems we can never directly observe the intrinsic
structure of the continuum since the 3→ 3 nuclear scattering seems impossible to perform
experimentally. In the molecular case this was, however, recently performed for caesium
atoms in a trap [13]. Thus we have to deal with responses (in the simplest case an
integrated and squared transition density), generated by transition operators from the
GS, in which cases the GS acts as a filter. Also, in contrast to transitions from compact
bound states, the range of impact parameters acceptable in 3 → 3 scattering is limited
by a maximal hypermoment K <
√
2mE/h¯2〈ρ〉 where E is the continuum energy, m the
nucleon mass and 〈ρ2〉 = (Ac+2)R2Ac+2 − AcR2Ac . The 〈ρ2〉1/2 is the r.m.s. hyperradius of
the bound state expressed via r.m.s radii of core (RAc) and halo nucleus (RAc+2) [14], and
is also the three-body impact parameter in the 3→ 3 scattering case [3].
The difference between the intrinsic structure of the continuum and responses is most
dramatically seen if the binary interactions are set to zero for the continuum wave func-
tions: this is the no-final-state-interaction (NoFSI) case often used for estimates. The
continuum structure would then consist of plane waves antisymmetrised between the halo
nucleons, with zero phase shifts, and there would never be any identifiable discrete con-
tinuum ‘states’ apart from the non-resonant and no-interacting continuum. Even in this
case, there might be relatively narrow peaks in the continuum response from the GS,
especially if long-range transition operators such as r or r2 are used. But it is clear that
although such peaks reflect a time delay of excitation processes, they should never be
identified as intrinsic continuum ‘states’ with widths and lifetimes. The correlations (or
momentum distributions) in the GS can often resemble the narrow momentum distribu-
tions of fragments measured in break-up reactions (and they can even be peaked at low
excitation energies), distributions which in reality are caused by low-lying resonances in
the three-body continuum [8, 15].
In the current article, we analyse the transition energy correlations for the lowest Jpi
in the Borromean continuum when written as functions of the energies of the distinct
Jacobi coordinates. We give an analysis of one- and two-dimensional transition energy
correlations in the three-body problem, pointing out the simplest analytical properties,
which can be revealed in kinematically complete experiment. This gives possibilities for
discriminating experimental and/or theoretical ambiguities. In future work we will also
discuss the angular/energy correlations in the 6He continuum. In all cases we use realistic
potentials for the 6He case, and the Feshbach method [16] for reducing a basis up to
hyperangular momentum K = 40 (41), for three interacting bodies, to an active space
of K ≤ 10 (11) for 0+, 2+, 1+ and 1− respectively. The 0+ state in 11Li, and the dipole
nuclear response have obtained in our P2 model [9, 17].
3II. ENERGY CORRELATIONS IN TRANSITIONS TO THREE-BODY
CONTINUUM
The three-body problem contains two extreme spatial scales for three interacting bod-
ies. The first (a) is a short-range scale, with size about the sum of the radii of the binary
interactions, and which produces a compact spatial structure such as a true three-body
resonance. The most remarkable feature of a ‘true’ three-body resonance is that it exists
in the configurations with the lowest hyperangular momenta, which corresponds to the
three particles interacting while close to each other.
A second spatial scale (b) arises from the phenomenon of a long-range effective three-
body interaction with range about the sum of the scattering lengths in the binary subsys-
tems. This is responsible for the Efimov effect [18] and for spectral compression near the
three-body threshold. In general (b) reflects the possibility of two interacting particles to
‘feel’ the presence of the third one at a distance up to the scattering length. When we
deal with a Borromean halo, the neutron–neutron interaction with scattering length ∼16
fm is decisive for this effect (‘continuum pairing’). Additionally, in the 11Li case [19] the
presence of an intruder virtual s-state in 10Li gives a large (but still not experimentally
fully determined) scattering length, which contributes essentially to its unusually large
matter radius.
Another possibility is that a large correlation distance could arise from a long-living
binary resonance propagating to a large distance. In this case there is no concentration of
wave function inside the region of interaction of all particles, but a long range spreading
of correlations.
One can expect four main physical sources for amplification of transitions, partly in
correspondence with possible amplification of cross-sections for 3→ 3 scattering [3]:
i) True three-body resonances, which are due to interaction of all three particles in the
interior domain;
ii) A long lived binary resonance in one of the constituent pairs;
iii) The response of an extended system to long-range transition operators used to excite
the continuum;
iv) Resonances due to strong coupling between channels (CC resonance in a few chan-
nels) or a parametric resonance in quantum diffusion with complex coefficients
[20, 21].
Resonance criteria are as in the two-body case: (A) concentration of the wave function
in the interior region (except for barrier top and virtual-state cases), and (B) the exis-
tence and properties of any intrinsic resonant state should not depend on the excitation
mechanism (electromagnetic, strong or weak interaction etc.) that produces it.
To study the three-body problem translationally invariant coordinates are used. After
separation of the centre of mass motion, the intrinsic excitation properties can be displayed
in two ‘binary’ Jacobi subsystems (any pair of particles and the relative motion of this
pair relative to the third constituent). A way to gain insight into these degrees of freedom
is to analyze their correlation properties.
In Appendices of refs. [2] and [3] we summarised the Jacobi spatial x, y and relative
momentum coordinates kx, ky necessary to describe the bound and scattering states of
three-body systems, consisting of a spinless core and two halo nucleons. We henceforth
use the same notations for our three-body wave functions and all variables.
4A. Defining Energy Correlations
We start from the simplest (but very important) characteristics such the angular-
averaged energy correlations. From the theoretical point of view, it is convenient to
use Jacobi coordinates to describe internal excitations of the system i.e. a coordinate
for the relative motion between two particles (distance xi, conjugate momentum kxi,
energy xi = h¯
2k2xi/2m) and another between the c.m. of these particles and the third one
(yi,kyi, yi). In both cases the Jacobi coordinates are related to the physical distances
by appropriate mass scaling. From three Jacobian systems {i} we will only use two
because of the identity of the two halo neutrons. In one Jacobi system (T) we use the
neutron–neutron relative motion energy Enn = xi and the energy between the core (C)
and the c.m. of the halo neutrons E(nn)−C = yi . In the other Jacobi system (Y) we
examine the neutron-core relative motion energy ECn = xj and the energy between the
c.m. of core-neutron and the second neutron E(Cn)−n = yj . The total continuum energy
Eκ and the three-body phase space
√
εxεydεxdεy are invariant with respect to the choice
of binary partition (E = εx + εy = Enn + E(nn)−C = ECn + E(Cn)−n and k2xdkxk
2
ydky =
2(µxµy)
3/2√εxεydεxdεy with µx, µy being reduced Jacobi masses).
In practice all possible information about the 3-body continuum structure is extracted
from nuclear reactions, where however the interplay of reaction mechanism and the struc-
ture of initial and final states makes this task difficult. Only for situations at sufficiently
high energy where we can assume one-step nuclear reactions, or reactions with well-defined
mechanisms (e.g. electromagnetic), can we give reasonably simple connections between
the nuclear structure and reaction observables. Thus the expression for the differential
cross-section (Eq. (2.1) from [7]) for elastic break-up, contains the transition matrix ele-
ment
T fi = 〈χ(−)0 (kf ) Φ0 Ψ(−)(kx,ky) |
∑
p,t
Vpt | Ψ0Φ0 χ(+)0 (ki)〉 . (1)
In this matrix element the product of the internal target wave function Φ0 with distorted
waves χ+0 and χ
−
0 corresponding to relative motion in the initial and final channels is
folded with the transition matrix element between GS and three-body continuum of the
Borromean projectile 〈Ψ(−)(kx,ky) | ∑p,t Vpt | Ψ0〉. The Vpt, the interaction between
projectile and target nucleons, is thus integrated over the distorted waves and the internal
target wave function Φ0. After integration over scattering angle of the full CM motion
we obtain an approximately factorised expression for the differential cross-section for
fragmentation in the centre of mass of the projectile:
d6σ ∼ ∑
Jf ,j,l,s
F (Ei, Ef )Jf · dBJf (jls)d3kxd3ky . (2)
This factorisation follows because
∑
Vpt is composed of effective nucleon–nucleon short-
range nuclear interactions Vpt between projectile (p) and target (t) nucleons, which for
small excitation energies can be treated as being approximately of zero-range. The
Coulomb long range pair interaction is however also contained. The reaction dynam-
ics is mainly determined by the transferred total angular momentum j, orbital angular
momentum l, spin s and transferred (linear) momentum. The functions F (Ei, Ef ) in the
above equation are smooth functions of excitation energy E in the limit of Ei, Ef  E,
when a one-step process dominates.
The double differential correlated response, after integrating over the 4-dimensional
angular part of the momenta of the scattered particles, and averaging over the initial
5M -states and summing over final states (we omit spin variables for simplicity), becomes
d2BJf (jls)
dxdy
∝ √xy
∫ ∣∣∣〈Jfpif ∥∥∥Tˆlsjτ (r)∥∥∥ Jipii〉∣∣∣2 d3rdkˆxdkˆy . (3)
The bracket 〈 〉 designates integration over internal coordinates and summation over spins,
and r corresponds to the external field (see below) exciting the projectile. This expres-
sion includes the cases of long- range electromagnetic and short-range nuclear correlated
responses. The zero-range nuclear transition operators T Tlsjmjτ and Coulomb multipole
operators T Elm for point-like particles, referred to the projectile centre of mass, are given
by
Tˆ Elm(r) =
3∑
i=1
zi
δ(r − ri)
ri2
rliYlm(rˆi) (l > 0) (4)
and
Tˆ Tlsjmjτ (r) = v0
3∑
i=1
δ(r − ri)
ri2
[Yl(rˆi)⊗ σs(i)]jmj tτ (i) . (5)
Here zi = eZi are the electric charges and v0 is the strength of the external field. Inelastic
and charge-exchange reactions correspond to isospin transitions T = 0 and 1, respectively.
In the generic one-step transition amplitude (transition density for nuclear operator
with v0 = 1)
Tfi(r) =
∑
Jf ,j,l,s
〈Jfpif
∣∣∣Tˆ Tlsjτ ∣∣∣ Jipii〉, (6)
we really should use a full final state wave function, and not the asymptotic form as
in [3], as this wave function includes the intrinsic properties of the continuum. One al-
ternative to the solution of differential equations is the more transparent solution of a
Lippmann-Schwinger integral equation where the sum of a plane wave and of the scat-
tered (hyper)spherical wave is a solution in the whole space. Therefore, in breakup type
reactions the correlated response of eq. (3) should contain three terms: the “no final state
interaction (NoFSI)” term, the FSI term and the interference term. To extract conclusions
about three-body properties, in particular about binary subsystems, we should inspect
both the ‘NoFSI’ (as these often resemble GS energy/momentum correlations) as well as
the FSI transitions, where the intrinsic properties of continuum are intertwined with the
GS correlations and where some of the observables are influenced by the range of the
transition operator.
It should be noted here that it is enough to calculate the transition amplitude in one
Jacobi system, the most suitable for antisymmetrization. Amplitudes in other systems
can then be obtained by kinematic rotations [22].
Generally, for a ‘true’ three-body resonance with given Jpi, the 3 → 3 scattering am-
plitude has the analytic property [23]
AJ(E,Ωρ5,Ω
κ
5) ∝
AJ(Ωρ5,Ω
κ
5)
E − (E0 − iΓT/2) , (7)
where E is total energy calculated from three-body threshold, and E0 and ΓT are the
position and width of the resonance. This agrees with the resonant factorisation of the
wave functions in the interior region, pointed out in our previous article [2], and therefore
the transition amplitude will have the same resonant property.
6In the i-th Jacobi system and for small (xi, yi), the behavior of the correlation func-
tion is defined by the phase volume ∼ √xiyi and the lowest partial angular momenta
lx, ly of the state J
pi via kinematical multipliers lxxi
ly
yi in the product of the hyperangu-
lar parts of the hyperspherical functions, ψ
lxly
K (αi)ψ
lxly
K′ (αi), (sin
2 αi = xi/E). The HH
has the structure ψ
lxly
K (αi) ' (sinα)lx(cosα)lyP lx+1/2,ly+1/2(K−lx−ly)/2 (cos 2α), where P a,bn are Jacobi
polynomials similar to Legendre polynomials P an in the spherical harmonics case.
For Borromean nuclei, represented as core+n+n the correlation function in the Y
coordinate system with xi = ECn and yi = E(Cn)−n, should be almost symmetrical about
the hyperangle αY ∼ 45◦ because of the antisymmetrization between the halo nucleons,
and with a deviation that depends on the ratio of the reduced masses for x and y motion.
The deviation from this symmetry is a recoil effect, which disappears in the limit of an
infinitely heavy core.
Integrating over xi or yi, we obtain the binary energy correlations, which are subject
for various conclusions in discussions of experimental data.
In Sect. III we discuss the two kinds – NoFSI and FSI of nuclear type energy correla-
tions in 6He. Here we continue with some general features.
B. Energy correlations for NoFSI
If we use a (halo neutron) antisymmetrized three-body plane wave [1] as the final state,
expression (3) for the correlated response gives the GS energy (momentum) correlations for
the T000 transition operator, a Fourier–like transform, and this is often used for Serber-
type reaction mechanisms. Generally this reflects the uncertainty principle and might
reveal the spatial correlated structure of the GS (or GS momentum correlations).
Higher transition multipoles also serve for calculating ‘NoFSI’ nuclear break-up reac-
tion cross-sections with a zero-range nuclear perturbation (5). They reflect only the GS
peripheral correlations and are treated as reference for the case when the FSI is switched
on.
C. FSI energy correlations
We will focus on the low excitation energy break-up of halo nuclei, which only involves
a moderately large number of final partial wave states. A general expression which can
be derived from general considerations [7] and which exhibits the main features of the
correlation function (3) with definite Jf , is
d2σ(3)
dxidyi
∝ ∑
lx,ly
(xi/E)
lx(yi/E)
ly √xiyi
∣∣∣∣∣∣
∑
K,K′
RKlxlyRK′lxlyC
Jf
K,K′,lx,ly(xi/E, yi/E)
∣∣∣∣∣∣ .2 (8)
This expression involves incoherent summation over lx and ly after integration over an-
gles of the kx,ky momenta. We have to underline the behavior of the cross-section at
small xi/E, yi/E, and have especially extracted the dependence on (xi/E)
lx(yi/E)
ly
to a polynomial factor CJK,K′,lx,ly(xi/E, yi/E) which is nearly a constant. The factors
RKlxlyRK′lxly contain spin-angular parts of the reduced matrix element and hyperradial
integrals. Such factorization follows from the multiplicative structure of the hyperangular
part
ψ
lxly
K (ακ) = N
lxly
K (sinακ)
lx(cosακ)
lyP
lx+1/2,ly+1/2
(K−lx−ly)/2 (cos 2ακ) (9)
7of the hyperspherical harmonic YKγ(Ω
κ
5), where γ = (lx, ly, L) denotes Jacobi orbital and
total orbital angular momenta, and which depends on momentum angles Ωκ5 in hyperspher-
ical coordinates [2, 3]. The hyperangle ακ is defined by the relations εx = E sin
2 ακ; εy =
E cos2 ακ
The hyperradial matrix elements RKlxly(E), which in the case of 3→ 3 scattering are
regular at E → 0, decay in low inverse powers of E at high energy . The kinematic
singularity κ−5/2 in the scattering wave function [3], where κ ∝ √E, is compensated by
the κK+5/2 dependence of its regular part..
Energy correlations for a narrow three-body resonance. The similarity of the energy
dependence in the analytical structure of the amplitude of a 3-body resonance wave func-
tion in the internal region [2] and the scattering amplitude (7), which characterizes the
asymptotic behavior, implies that expressions for the correlation functions will be similar
to intrinsic correlations [3] in the vicinity of the resonance ridge E0 = xi+yi. The profile
of the ridge could however vary because, in the transition matrix element, the GS plays
the role of an angular-spin filter for different partial components.
For qualitative and semi-quantitative understanding we can apply the analytic prop-
erties of the transition amplitudes in the region of a true three-body resonance (E0,ΓT).
In order to have a reference case where analytical estimates are possible, the following
approximation is useful: Inspired by the close analogy between partial wave expansions
in the two-body and three-body problems, we consider, in first approximation, only the
diagonal parts of the continuum wave function. In the interior region, (for given Jpi)
the resonant three-body wave function takes the form given in [2] (neutron spins are not
indicated explicitly and the kinematic singularity 1/κ5/2 is included):
ψ(ρ,Ωρ5;E,Ω
κ
5) ∝
1
(κρ)5/2
∑
K,γ
GKγ(E) ψ
R
Kγ(ρ) YKγ(Ω
ρ
5) YKγ(Ω
κ
5), (10)
with
|GKγ(E)|2 = ΓKγ
(E − E0)2 + Γ2/4 . (11)
The energy E0 is the position of the resonance, ΓKγ its partial width, and ΓT the total
width while ψRKγ(ρ) is the energy-independent form of the internal part of the resonant
wave function. Eq. (11) shows that the dependence of a three-body resonance on E is of
pole character typical for an ordinary Breit-Wigner resonance. In the case of a resonance
near threshold, the component with minimal value K0 of the hypermoment dominates
in the scattering wave function (10). Using this one-component (K0) expression for the
continuum wave function in the transition matrix (1) leads to a factorized expression for
the inelastic breakup cross section. The double differential cross-section (3) takes the
form:
d2σ
dεxdεy
∝ E−5/2√εxεy
∑
lxly
|GK0γ(E)|2|ψlxlyK0 (ακ)|2
=
√
εxεy
∑
lxly ΓK0lxly |ψlxlyK0 (ακ)|2
E5/2(εx+εy−E0)2 + Γ2T/4
. (12)
Energy correlations for a three-body resonance near three-body threshold. If the res-
onance is not so narrow i.e. ΓT ∼ E0, the energy dependence of the ‘partial widths’
ΓK0lxly and total width ΓT has to be taken into account. In a simplest approximation,
8both the three-body ‘partial width’ and the total width are defined with rather high
accuracy [1] by
Γ =
∫
| 〈Ψc | V | ΨR〉 |2 δ(ER−E) dρf =
∑
Kγ
ΓKγ (13)
where
ΓKγ =
m
h¯2κ
| iK√κ∑
K′γ′
∫
JK+2(κρ)VKγ,K′γ′(ρ)χ
R
K′γ′(ρ)
√
ρdρ |2, (14)
where dρf is three-body phase volume, ΨR and in the general formula are replaced by
the unit-normalized internal part (ρ ≤ R) of the resonance hyperradial wave function
χRK′γ′(ρ), and where Ψc is a Bessel function from the three-body plane wave.
At low energy the width, as a function of energy, mainly depends on the three-body
phase volume ∼ E2 and the hypermoment K0 as ΓK0lxly ∝ Γ0E2+K0 for some constant
Γ0. For the state J
pi with lowest K0 we obtain the form:
d2σ
dεxdεy
∝
√
εxεy (εx + εy)
−1/2+K0
(εx+εy−E0)2 + Γ20(E/E0)4/4
∑
lx,ly
(εx/E)
lx(εy/E)
ly , (15)
where a simple parameterization of the energy dependence is used for the total width:
Γ = Γ0(E/E0)
2. Integration of eq. (15) over hyperangle ακ using εx = E sin
2 ακ; εy =
E cos2 ακ and dεxdεy = 2EdE sinακ cosακdακ gives an asymmetric resonance shape in
the excitation function for the three-body decaying state:
dσ
dE
∼ E
1/2+K0
(E − E0)2 + 14Γ20(E/E0)4
. (16)
Note that for shape (16), because of the proximity to the energy threshold, neither the
position Em of the maximum or its width Γ
′ correspond to the pure Breit-Wigner condi-
tions of Em = E0 and Γ
′ = Γ0. It is possible to find Em in (16) by equating the derivative
of the right hand side to zero, but it is simpler to find the minimum of the denominator
in (16), which gives almost the same result. Writing the denominator f(E) in a Taylor
series around the minimum, f(E) = f(Em) + f
′′(Em)(E − Em)2/2, we find the relations
Em ≤ E0 and Γ′ =
√
8f(Em)/f ′′(Em) < E0/2 for any values of the parameters E0 and
Γ0.
As an example, we consider hypothetical monopole and dipole resonances. For a 0+
state, K0 = lx = ly = 0 in both T and Y systems, and the cross sections (15) are
symmetric for (εx,εy) permutations and are the same for both Jacobi systems. For 1
−
the hypermoment K0 = 1, and the angular momenta (lx, ly) take the values (0, 1) and
(1, 0). Since the two halo neutrons are strongly attractive (repulsive) for s-wave (p-wave)
motion, the component with (lx, ly) = (0, 1) is expected to dominate for dipole excitation
in T and give a cross section asymmetric in (εx,εy). In Y this cross section corresponds
to motion with angular momenta (0, 1) and (1, 0) with approximately equal weights, and
the shape of cross section (15) is close to symmetric.
From eq. (15) follows that the contour plot of the cross section Φ(εx, εy) = d
2σ/dεxdεy
has special patterns in the (εx, εy)-plane for T and Y in the presence of a three-body
resonance. A quantitative tool, that can be useful for comparisons with the real cross
sections, is the trajectory of the cross section ridge. This trajectory follows the curve
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FIG. 1: a) The solid line shows the calculated theoretical spectrum of 1− excitations in 11Li.
The dashed line is the approximation of this spectrum by a three-body resonance from eq. (16)
with parameters E0 = 1.2 MeV and ΓT = 4 MeV. The cross section Eq. (15) is calculated for
the 0+ (b) and 1− ((c) in T and and (d) in Y Jacobi system) resonances in 11Li. The dashed
line shows the trajectory of the cross section maxima ridge.
εy = εy(εx) which is defined by an extremum of the directional derivative of the function
Φ(εx, εy) in the (εx, εy)-plane. In the region where the cross section is not small, the
trajectory can be well approximated by a solution of the simpler equation (dΦ/dε′x)|ε′y=const
= 0, which can be obtained by rotation by pi/4 of the initial coordinate system: ε′x =
(εx + εy)/
√
2, ε′y = (−εx + εy)/
√
2.
Fig. 1(b) shows the contour plot, obtained from eq. (15) with parameters E0 = 0.25
MeV and ΓT = 0.3 MeV corresponding to the 0
+ state in 11Li, and the trajectory of the
ridge maxima. Figs. 1(c-d) show contour plots and ridges for the 1− state in the T and
Y systems, respectively. The corresponding spectrum of the three-body resonance from
the approximate formula (16) (dashed line in Fig. 1(a)) is fitted to the calculations (solid
line) of the dipole nuclear response obtained in our P2 model [17]. Agreement of ridges
in real cross sections with the ridges in Fig. 1 provides an opportunity to judge whether
or not a peak in E is a ‘true’ three-body resonance.
Using in the following sections the examples of 6He we shall demonstrate the most
important cases of three-body energy correlations:
a) Energy correlations for narrow three-body resonances;
b) Energy correlations for wide three-body resonances;
c) Energy correlations for 3-body virtual-like excitations;
D. Binary energy correlations from narrow three-body resonances
The energy correlations between two particles with corresponding relative motion en-
ergy x, or between the pair and the third particle with relative energy y, can be obtained
after integration of Eq. (8) over the unobserved energy y (x). We wish to determine the
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general effects on the binary Jacobian energy correlations of a possible low-lying three-
body resonance with width ΓT  E0. Since the resonant denominator is a rapidly varying
function we can fix the slowly-varying residual part to its value at the point close to the
resonance position x + y = E0, and move it outside the integral. For example, for
correlations between particles and a narrow width of the three-body resonance, we will
have
dσ(2)
dx
∝∑
lxly
(x)
lx(E0−x)ly
√
x(E0−x)
∣∣∣∣∣∑
K
CJK,lx,ly
∣∣∣∣∣
2 ∫ dyi
(xi+yi−E0)2 + Γ20/4
(17)
The distribution over y is the same, after exchanging x and y. The integral is equal to
(pi − 2 arctan(2(x−E)/Γ0))/Γ0, which is varying within the limits pi/Γ0 and 2pi/Γ0.
For 6He, 11Li and other Borromean nuclei the natural parity states for the halo neu-
trons are Jpi = 0+, 1−, 2+ and lowest Jacobian angular momenta should be considered. If
lx = ly the distribution is symmetric about the maximum x = E0/2, and has char-
acteristic behavior lx+1/2x at the origin. For lx 6= ly, the maximum is located at
x = (lx+1/2)E0/(lx+ly+1). At low energy x the non-resonant continuum has just the
same behaviour. The binary energy correlations for 6He will be discussed in more detail
in the next section.
III. ENERGY CORRELATIONS IN 6HE
A full range of methods, developed in previous papers to explore three-body continuum
structure, has been applied to 6He, used as reference case for more complicated halo nuclei.
In addition to the sharp 2+1 resonance at 0.8 MeV above the three-body threshold, a second
2+2 resonance was predicted at 2.1 MeV with width Γ ' 1.4 MeV (a lower limit since the
true width can not be defined because of strong asymmetry), a 1+ resonance at E= 2
MeV, Γ ∼= 1.2 MeV; and 0+ excitation peaking at E = 1.6 MeV with Γ = 1.5 MeV.
The nature of the so-called “soft dipole mode” suggested in [24], and responsible for an
abnormally large EMD cross-section, still needs more clarification [25]. Various attempts
[1, 26–34], based on the same cluster representation of 6He, have not given a definite
answer concerning the existence of a dipole resonance state in 6He. The first experimental
results, where the dipole response function of 6He in EMD was reconstructed [11], did not
show the 1–2 MeV sharp peak in the dipole strength function obtained in some three-
body approaches. Recently the experimental binary angular and energy correlations from
fragmentation of 6He on Pb were published [12]. Our theoretical calculations [35] within
the microscopic four-body distorted wave model describe well the experimental data for
fragments correlations near breakup threshold but with increasing excitation energy of
6He some of the theoretical distributions deviate from experiment.
In early break-up experiments only the momentum distribution of one fragment, or
binary correlations (angular, momenta or energy) were observed. As reference cases,
the binary channels involving physically significant states, i.e. pronounced resonances
or virtual states, are included in the analysis in part C of this section. Usually they
correspond to the knock-out of one of the fragments leaving the other two interacting with
small relative energy. In this case the final state wave function is factorized into a relative
motion of the two interacting fragments and a nearly plane wave for the third fragment.
In the 6He case there are two significant channels: 5He in the 3/2− resonant state and
the virtual 1S0 state among the multitude of possible nn channel. At low excitation
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energies these channels are coupled and the resulting correlations between fragments will
be strongly influenced by channel interplay, leading to a continuum structure differing
from a simple sum of binary resonances. Later we will discuss energy correlations: (A)
in the GS, which corresponds to Serber model without final state interaction (NoFSI) for
0+ as well as transitions to other states; and (B) for the transition energy correlations for
reactions with full FSI for continuum states.
The part of the nuclear transition operator of Eq. (5), which acts on halo neutrons
is used for illustration of correlated responses. The part of Eq. (5), acting on the core
(which gives a vanishing cross-section by Eq. (2) in the limit of infinitely heavy core) as
well as the Coulomb dipole operator give almost similar energy correlations.
In all cases we present three-body and two-body energy correlations, and for all com-
binations of Jacobi coordinate pairs. In Figs. (2, 3, 4) below, the lowest natural parity
final states for 6He are included.
A. NoFSI three-body energy correlations in 6He
NoFSI energy correlations are obtained by putting the antisymmetrized three-body
plane wave from ref.[1] as final state into the expression for nuclear responses (5) for the
transition amplitude.
The correlation plot for the monopole 0+ continuum (upper row in Fig. 2) corre-
sponds to the Serber model (NoFSI in continuum) and demonstrates an important prop-
erty of the GS: the presence of spatial correlations from a ‘Pauli focusing’ effect [4, 36],
which generates spatial ‘di-neutron’ and ‘cigar’ configurations, and correspondingly two
peaks in the Enn - Eα−(nn) T-system correlation plot.
This clearly reflects the two-dimensional uncertainty principle: the peak at Enn ∼ 10
MeV and small Eα−(nn) is a consequence of the ‘di-neutron’ with small distance between
the halo neutrons, while the peak at Enn ∼ 2 MeV and large Eα−(nn) is a consequence of
the ‘cigar’ with large distance between the neutron pair.
The higher probability of the narrow core-nn energy distribution should to some ex-
tent be seen in longitudinal and transverse momentum distributions from fragmentation
experiments. The reduced probability of the peak with small nn relative energy, usually
thought of as a virtual nn state, arises from the lower ‘cigar’ peak, where the neutrons
have an extreme spatial separation. These correlations in the lab frame were studied in
detail in ref. [37].
The NoFSI correlation plot for α–n and (αn)–n energies exhibits a p23/2 main bump at
5–6 MeV, and an s21/2 low energy enhancement at about 1–2 MeV, according to its small
weight in the GS.
Both T and Y correlation plots demonstrate that physically the NoFSI ‘mechanism’
will give a decay with fast neutrons and a slow α-particle. This mechanism gives narrow
longitudinal and transverse momentum distributions of the core in fragmentation of 6He,
but a too wide momentum distribution for the halo neutrons.
For larger multipolarities of the final states, the asymptotics in the classically forbidden
region (halo) will play a greater role in the overlap integral Eq.(3) because of centrifugal
screening of the internal part of the GS wave function in the transition integral.
The correlation plots for the dipole 1− mode (upper row in Fig. 3) have a remarkable
feature: a very pronounced core-neutron 5He correlation at energy about 1 MeV in both
α–n and (αn)–n systems, reflecting however the spatial extent of the GS (halo structure).
The dipole mode has the best spatial overlap with the GS among the 0+, 1− and 2+ plane
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FIG. 2: (Color online) Energy correlation plot (arbitrary units) for 0+ states: transition to
antisymmetrized plane wave,i.e. NoFSI (upper row), with FSI (lower row). Left: in cluster T
Jacobi system, right: in ‘shell-model’ Y one. Note the different energy scales of upper and lower
plots.
wave continuum states. This can imitate final state interactions, or indicate presence of
a ‘ready made 5He’ in the GS. In T system the plot is quite similar to the monopole case
with a slow α-particle emerging also from cigar-like configuration. Both plots resemble
the schematic two-body virtual state case (upper row in Fig.1) from ref.[3], but physically
the reason is the specific structure of the GS, and not a resonance in continuum.
The correlation plots for the quadrupole 2+ mode (upper row in Fig.4) have less pro-
nounced core-neutron 5He correlation, but are peaked at energy about 1-2 MeV in both
α–n and (αn)–n partitions. They also reflect the spatial extension of the GS, but the
peak height is smaller than in the dipole case because of the centrifugal screening of the
internal part of the GS mentioned above. In T system there is a strong amplification of
s-wave Enn component which can be seen as a cut along the Ec−nn axis in the left upper
panel.
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FIG. 3: (Color online) Energy correlation plot (arbitrary units) for 1− states: transition with
antisymmetrized plane wave: no FSI (upper row), with FSI (lower row). Left: in cluster T
system, right: in ‘shell-model’ Y.
B. Transition energy correlations for reactions (FSI)
1. Energy correlations for narrow three-body resonances
The transition correlation plots for the 2+1 resonance in Fig. 4 (lower row) are very
similar to the intrinsic correlations in ref.[3], and are determined by the 3-body resonance
nature of the final state and by perfectly overlapping radial wave functions for the GS and
the resonantly amplified internal part of the 2+1 continuum state. The transition to the
2+1 resonance has an amplitude which is three orders of magnitude greater than that with
a three-body plane wave as final state and energy correlations with FSI are completely
different from the case of NoFSI (upper row).
2. Energy correlations for wide three-body resonances
The second 2+2 resonance is shown in Fig.5. It exhibits a three-body resonant-like
structure in contrast to the intrinsic energy correlations in ref.[3] where only the s-wave
n–n virtual state stands out. The reason is that the halo GS plays the role of a filter,
cutting off the impact parameters which correspond to hypermoments K > 2 and selects
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FIG. 4: (Color online) Energy correlation plot (arbitrary units) for 2+ states: transition with
antisymmetrized plane wave: NoFSI (upper row), with FSI-2+1 resonance (lower row). Left: in
cluster T system, right: in ‘shell-model’ Y.
the lowest K = 2 in which the resonance still exists. In the T system it has an asymmetric
shape due to the strong influence of the virtual nn correlation. Since the 2+2 resonance state
has a different Young tableau symmetry from the GS, the transition probability integrated
over the resonance region is about 10 times less than for 2+1 , which has approximately
the same Young tableau symmetry as the GS. The maxima ridge line εx + εy = 2 MeV
corresponds in both T and Y systems to the peak in the response function and also to
resonant behavior in the eigenphase, crossing pi/2 at energy of about 2 MeV for 2+2 . This
is a visible difference in the maxima ridge compared with Fig.10 from our previous paper
[3] is due to interference with background in 3→ 3 scattering in [3].
The correlated response for the 1+ resonance, shown by a contour plot in Fig.6, ex-
hibits a three-body resonant structure quite similar to 2+2 . The cutoff by the GS size filter
selects also here the resonant hypermoment K = 2. For the same reason, the transition
probability integrated over the resonance region is again an order of magnitude less than
for 2+1 . The ridge line εx+εy = 2.8 MeV in both T andY systems has a corresponding line
in the intrinsic correlation plot [3]. The peak in the response function and the resonant
behavior are again due to two almost coinciding eigenphases of different physical origin
which cross pi/2 at the energy 2.4 MeV.
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state: Left: in cluster T system, right: in ‘shell-model’ Y.
3. Energy correlations for 3-body virtual-like excitations
The monopole 0+ transition correlations (Fig. 2) reveal a strong combined influence
of FSI in the continuum and GS structure. Since for a zero-range nuclear transition oper-
ator the response is zero due to orthogonality of the GS and continuum wave functions, a
finite range transition operator has been used. Hyperradial matrix elements of any short
range operator (i.e. decreasing faster than exponentially) have the universal behaviour
1/ρ3 in the monopole case. We use a form factor 1/(1+(ρ/ρ0)
3) with range ρ0 = 5 fm. The
partial composition of the wave functions is about 80% spin S = 0 with dominant zero
orbital angular momenta in T, and about 18% spin S = 1 with orbital angular momenta
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lx = ly = 1. Comparison with the GS energy correlations (NoFSI case in Fig. 2) shows
similarities in the general behavior. Both have two wings, reflecting the GS, but the scales
of the wings in the T system and of the peak in Y are larger by orders of magnitude for
FSI. Fig. 2 shows, that in T the GS energy correlations have peak positions at En−n = 9
MeV, Eα−nn = 1.5 MeV and En−n = 1.5 MeV, Eα−nn = 13 MeV while for FSI transition
correlations En−n = 0.8 MeV, Eα−nn = 0.15 MeV and En−n = 0.15 MeV, Eα−nn = 1.3
MeV. The FSI peak at En−n = 0.8 MeV, Eα−nn = 0.15 MeV (its narrow part) comes from
intrinsic continuum properties (Fig.6 in ref.[3]), and also generally reflects interplay of GS
(‘di-neutron’ and ‘cigar’ spatial configurations) and FSI in the continuum, enhancing the
soft part of spectrum. In the Y system there are peaks at En−α = 7 MeV, Enα−n = 7
MeV (GS induced) and En−α = 0.8 MeV, Enα−n = 0.6 MeV (due to FSI in continuum).
A low energy enhancement at En−α = 0.4 MeV, Enα−n = 0.4 coincides with an analogous
peak for intrinsic continuum correlations and reflects their influence.
The largest GS and continuum components K = 2, lx = 0, ly = 0 in the T system give
80% of the peak value, and define the same ‘di-neutron’ (small En−n) and ‘cigar’ (small
Eα−nn) correlations. As was expected, large correlation distances ∼ 15 − 20 fm from
K = 6−10 in the continuum are suppressed by the limited size of the GS, and the second
bump in the T system at ∼ 3 MeV which appears for intrinsic continuum correlations
[3], is not seen in FSI transitions. The largest component K = 2, lx = 0, ly = 0 in T
corresponds almost completely to K = 2, lx = 1, ly = 1 in Y , giving a one-peak structure.
In the T system, correlations at small Eα−nn and En−n are caused by s-waves in
accordance with the dominating componentK = 2, lx = 0, ly = 0, which gives a correlated
response
dB
dEα−nndEn−n
∝
(
Eα−nn − En−n
E
)2 √
Eα−nnEn−n (18)
In the Y system, correlations at small En−α and Enα−n have largely p−wave behavior
with rather small s-wave contribution. This gives a correlated response
dB
dEn−αdEnα−n
∝ En−αEnα−n
E2
√
En−αEnα−n (19)
The dipole 1− transition correlations shown in Fig. 3 have structure that reflects the
dominance of singlet n–n s-wave motion (about 85%) in T. Two nearly symmetric peaks
at 1 MeV in Y (in n-α and (nα)–n subsystems) are due to the nn antisymmetrization in
the main s ⊗ p and d ⊗ p orbital components and their interference. At small energies
s-motion prevails in both subsystems. The double-bell structure comes from K = 3, lx =
0, ly = 1 and is symmetric in l components, while the valley between them is due to
K = 1, lx = 0, ly = 1 mostly. The peak at Eα−nn ∼ En−n ∼ 0.8 MeV is the memory of
the GS spatial structure, which is seen in GS NoFSI correlations plot in the same figure.
Physically there are two main decay channels having the highest matching with the
GS. The first is the p3/2 ‘ground state’ of
5He, for which the internal part of the wave
function is amplified in the compact region with large overlap with the GS of 6He. It
is also kinematically favourable that the second neutron is in an s1/2 state with zero
centrifugal barrier. The second channel is the singlet n–n s-wave virtual state, in cluster
T coordinates with relative orbital angular moment lα−(nn)=1 due to dipole transition
from the 6He GS, which has 85% lnn=0 , lα−(nn)=1 component. Therefore components
with lx = 0, ly = 1 and hypermoments K ≤3 will dominate the dipole transition.
In T only one peak in n–n relative motion, appears at 0.7 MeV. This peak also comes
from K = 1 − 3 with characteristic s-wave shape at small energies. But the higher
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energy intrinsic correlations, coming from K = 5 − 11, and corresponding separations
between the neutrons of about 16–20 fm, have disappeared in transition correlation due
to the significantly smaller size of the GS, which cuts the long distance peaked continuum
components, pushed out by high centrifugal barriers.
In the T system, correlations at small Eα−nn and En−n are caused by dominant s-wave
nn motion ( K = 1(3), lx = 0, ly = 1), which gives a correlated response proportional to
dB
dEα−nndEn−n
∝ Eα−nn
E
√
Eα−nnEn−n . (20)
In Y the correlations at small En−α and Enα−n have mostly s-wave character because
of antisymmetrization constraints. This gives a correlated response
dB
dEn−αdEnα−n
∝ (
√
En−α − b
√
Enα−n)2
E
√
En−αEnα−n (21)
with b 6= 1 due to the recoil effect, b→ 1 for increasing core mass.
C. Two-body energy correlations in 6He
Two-body correlations depicted in Fig.7 are obtained by integration of three-body
correlated response over an unobserved pair energy. For all final states with natural
parity the distributions of both n–n and α–n are different from what they would be
without final state binary interactions, which can be seen from drastic change of peak
positions for NoFSI versus FSI three-body correlated responses.
An effective mechanism, that can impede binary FSI can be illustrated by the example
of the 2+1 resonance at E0 = 0.8 MeV in
6He. If we examine the leading p3/2p3/2 component
inY, where the p3/2 resonance in
5He is located at about roughly the same energy, En−α ∼
0.8 MeV, we can see from the correlation plot Fig. 4 for a narrow resonance, that due
to the available phase space limitation En−α + Enα−n = E0 set by the narrow resonance
position E0 and an almost equal sharing of the energy by the α–n and (αn)–n subsystems,
this will suppress the formation of 5He.
In the absence of a narrow three-body resonance, as in transitions to the 0+ and
1− continuum states, the shape of α–n distributions is defined by interplay of different
configurations in the region of interaction and possible channels of decay. For the most
interesting case, that of the 1− dipole mode, the correlation plots for the full FSI, NoFSI
and a free binary (α–n) p3/2 interaction (‘
5He’), i.e. with a noninteracting third neutron,
are shown in Fig. 8. The sharply peaked 5He correlation curve is scaled down by a factor
of three to demonstrate the deviation from the full FSI case. Due to antisymmetrization
it is impossible to divide the distribution into p3/2 and s1/2 parts since both halo neutrons
spend “half time” in each. The soft (lower) part of the full FSI distribution has s- wave
nature and both the virtual s-state in the n–n subsystem and the s1/2 partial state in
α–n are responsible for that. At higher energy there is combined action of higher partial
waves. The position of the (flat) maximum in the NoFSI case is defined exclusively by the
geometry of the halo GS. Its position coincides best with the FSI peak position providing
evidence that the halo GS and not the decay via 5He is responsible also for the FSI α–n
energy correlation, which is influenced only mildly by attraction in the 1− (α–n–n) system
as a whole [1]. This enhances the soft part of the spectrum.
The three T system correlation plots on the right hand side of Fig.7, for different
multipolarities in the final state, demonstrate the effect of the third body on the n–n
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FIG. 7: (Color online) Two-body nuclear type transition correlations (arbitrary units) for natural
parity continuum final states in 6He; n–n is between two halo neutrons, C–n is between core
(α) and neutron, (Cn)–n is between the centre of mass of the C+n subsystem and the neutron,
(nn)–C is between the centre of mass of the n+n subsystem and the core. The dashed lines
represent binary correlations in the presence of a third body. (Note that T is now in the right
column while Y is in the left)
interaction. For transition to the 0+ continuum state where the position of the n–n peak
is lowest in energy, the shape of the correlation function differs noticeably from that of free
nn interaction. This is in agreement with the Migdal-Watson formula [38] for two-neutron
decay.
In ref. [10] the results of calculations for two-body energy correlations in 6He break-
up within our four-body DWIA theory were presented, and comparison made with GSI
experiment [11].
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FIG. 8: (Color online) Two-body nuclear type transition correlations (arbitrary units) between
core (α) and a halo neutron for 1− final continuum states in 6He. The solid line represents full
FSI in the 1− continuum, the dashed line represents the p3/2 interaction between core (α) and
neutron constituent (‘5He’) without interaction with the last halo neutron, and the dash-dotted
line is NoFSI in the 1− continuum.
IV. CONCLUSION
Different aspects of the three-body continuum were outlined and discussed in our pre-
vious papers [1–3]. In this paper we have concentrated on the 3-body energy correlations
in transitions from the GS to the 3-body continuum using again 6He as the test case for
Borromean systems. These transitions are the main building blocks in one-step reaction
theory where the transition operators intertwine the properties of the bound state with
the intrinsic correlated structure of the three-body continuum. The bumps in the excita-
tion spectrum, generated by three-body break-up reactions of diffraction type, have four
possible sources: (i) true three-body resonances; (ii) Efimov-like (or virtual-like) contin-
uum structures; (iii) long lived binary resonance in one of the pairs; (iv) response of an
extended system to long-range transition operators. To reach definite conclusions about
the nature of resonant amplification it is necessary to inspect two types of correlations:
the correlations in the GS only (or No final state interactions), and transition energy
correlations with all final state interactions included. The NoFSI is used in sudden ap-
proximation (or to some extent in the Serber break-up model), while the FSI is probed
by nuclear and electromagnetic responses.
The uncertainty principle and halo structure of the bound state are mostly responsible
for the momenta (and energy) correlations in the GS and could be reflected in the spe-
cific conditions in transverse and longitudinal momenta distributions in the high energy
fragmentation reactions.
The spatial structure of the FSI continuum wave functions [2] shows a behaviour in
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the internal region that deviates markedly from that of a three-body plane wave with
antisymmetrized halo neutrons. Thus a narrow three-body resonant state is characterized
by a localization in the region of mutual interaction of all three particles, and therefore
by a strong amplification of the interior part of wave function in this region. Due to high
radial spatial overlap with the GS (or with the reaction volume in the general case) the
transitions to these states are very strong. The S-matrix poles coincide with the peak
energy in resonant amplification of the interior part of the wave function, and intrinsic
energy-momenta correlations for 3-3 scattering almost coincide with transition energy
correlations for reactions. The main criterion for the existence and properties of any
intrinsic resonant state is that they should not depend on the excitation mechanism. This
serves as a signature for the 3-body resonant nature of observed resonant-like enhancement
in cross-sections. We have shown that these properties are revealed in the structure of
the energy correlation functions and most pronounced for the 2+1 resonance in
6He, less
for the wider 2+2 and 1
+
1 resonances.
The origins of Efimov-like continuum structures are long-range effective interactions
between the three bodies with range of the order of the sum of the scattering lengths in the
binary subsystems. These are responsible for the bound state Efimov effect [18], and for
the compression of continuum spectra near the three-body threshold. Their pronounced
inherent characteristic, of a very long range of formation, implies a large number of
configurations in an HH basis, a lack of pockets in the diagonal potential terms, and
strong off-diagonal (coupling) terms. A signal for possible existence of Efimov-like ‘3-
body virtual’ excitations is the presence of virtual states and low-lying resonances in the
binary subsystems.
When we deal with a Borromean halo, the neutron–neutron interaction with scattering
length ∼16 fm is decisive for this effect (‘continuum pairing’). In this case there will be no
concentration of the wave function inside the region of interaction of all particles, but a
long range spreading of correlations, and the transition matrix element will have overlap
of the bound state with a small fraction of the correlated part of the continuum wave
function. Therefore the intrinsic correlated structure of the tree-body continuum itself,
discussed in ref. [3], will sometimes be strongly filtered by the GS structure.
Our exploration of the binary energy correlations (n–n and α–n) in 6He has shown
complex interplay of the s-wave n–n virtual state and the p3/2 resonance in the α–n
subsystem (5He) both for monopole and dipole soft modes. These correlations differ
strongly from “free” binary correlations. We only cannot suppose binary FSI for decay
into the three-body continuum, as the presence of the third body in FSI is decisive. Three-
body correlations for all configurations have demonstrated that, in spite of presence of a
soft dipole resonance-like peak in both nuclear and electromagnetic response functions at
∼ 1.5 MeV, there is lack of noticeable true resonant behavior in the interior region, and
the same applies for the monopole case.
Thus we have demonstrated that transition energy correlations serve as a useful tool
for a detailed theoretical analysis in three-body continuum spectroscopy. This tool will
in forthcoming papers also be used for the case of 11Li where the ground state is a 50%
mixture of p2 and s2 motion, thus adding new individuality to the Borromean continuum
structure.
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